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lictor-corrector methods with improved absolute stability regions

. van der Houwen & B.P. Sommeijer

TRACT

Generalized predictor-corrector methods are studied with extended
ion of absolute stability. Choosing an extrapolation-predictor and
ackward-differentiation—-corrector methods are constructed of orders
to 6, the real stability boundaries of which are of magnitude m2,
re m is the number of right—hand side evaluations per integration
p. The coefficients of the method can be generated during the
putation for arbitrary values of m. The storage requirements are
iited and independent of m. The method is particularly suited for the
egration of semi-discrete parabolic differential equations in more

ce dimensions.

{ WORDS & PHRASES: predictor-—corrector methods; parabolic diffential

equations; stability

This report will be submitted for publication elsewhere.







INTRODUCTION

The conventional predictor-corrector methods for solving the initial-
. problem
i

) dvy = dy prescribed for i = 0,1,...,Vv=-15 v 2 1
- o f(tsY)3 - (to) >0 ’ ?

atc’ dt

. rather restricted regions of stability (cf. [7, 10]). In order to
'ove the region of absolute stability, Stetter [11] proposed a
:ralization of these methods and showed by a few examples for first
.r equations (v=1) that the stability region can be extended
iiderably. These generalized methods fit into a still more general
lework of "hybrid" explicit multistep methods introduced by Gear [3]
by Butcher [1]. Within this class of methods, Verwer [12] studied
mily of m-stage three-step Runge-Kutta methods of orders p = 1 and 2
. a real stability boundary B = Cpmz, where Cp is slowly
'ing with m. For these methods Verwer found values ¢ = 5,15 and

2.29 . The code based on this family is rather robust in
‘tice and particularly suited for the integration of semi-discrete
bolic problems in more space dimensions [13]. However, for large
tles of m (m>12) the method becomes unstable because of the
:lopment of internal instabilities. As a consequence, the m2
wiour of B cannot fully be expoited. In order to overcome this
‘iculty the present authors [5] derived m-stage (one-step) Runge-
:a methods of order p=2 with stability boundary B = 0.66 m2
'h are internally stable for arbitrary high m. This derivation i$
'd on recursions of Chebyshev type. Verwer [14] followed this
'oach and constructed first and second order, three-step methods
Locy 2 5.17 and Cy £ 2.32 which also remain stable for
.trarily large values of m. A further extension to k-step methods
. k arbitrary was given in [6].

The order of accuracy of the multistage methods mentioned above
i not exceed p=2, In this paper, a family of higher order predictor-
‘ector type methods with enlarged stability interval is constructed.
tocal error analysis (section 3) and the (linear)stability analysis
:tion 4) are given for (l.1) with v arbitrary. In section 5

.ementational details are given.




eneral theory is applied to an extrapolation-predictor
rentiation-corrector pair for fist-order systems of di

ions (section 6). Examples are given of methods up to

2 = 1.37, cy 2 1.01, A £ 0.73, Cg 2 0.54

ethods have restricted storage requirements and are in

2
Jms where c

11 m. By means of numerical experiments it is shown th
methods are more efficient than the lower order ones
of low accuracies. The paper is concluded with an app

d-order differential equations (section 7).
RELIMINARIES

Consider a linear k-step method for the numerical solu
al-value problem (1.1), then the numerical approximati

e solution of the equation
) - by tVE(E )y = L be > 0
y 0" n+1°Y/ T "o’ 0 ’

T denotes the integration stept,,; -t , and I is a
, l.e.
k

*

* v
) Zn==£;1 [aE Yn+1-2 F bﬁ T f(tn+14£’yn+1—£)]

Yn+1-£ denoting the numerical solution at tp4i-foe

ion of (2.la) will be denoted by n.

In order to solve (2.1a) we consider the following m-p

d

ég% = some initial approximation to n,
Gy _ % €1, 5 v -1,
Vi1 = L Degp vy T Mg TECE Yy )]
£=1
i=1,
(m)

Yn+#1 = In+1?

ackward-
tial

6 with

2 0.37.
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on to
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y(tn+1)

known

exact
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Mip = Mip = 0, £ = j+1,...,m.

scheme is a special case of the general "hybrid" explicit m
od introduced by Butcher [1] (see also Gear [3] and Stetter

(2.3) it follows that the iteration method (2.2) is (i) con
(0)

equation (2.1a) and ii) self-starting provided that Yo+

n by some predictor formula.
The result after m iterations is accepted as the numerical

+1, n+1>'
In the analysis of the method (2.2) we will need the polyno

oximation'yn to. y(t

) defined by the recurrence relation

m
) PO(Z) =1, Pj(z) = KZ] [UJK + UjEZ] Pz_l(z)s j=1,2

ently,?j(z) is a polynomial of degree < j in z. Furthermore,

2.3) we have

* .
) Pj(l/bQ) =1, j=0,1,...,m.

e polynomials will be talled the Zteration polynomials.

In addition to the polynomials Pj(z) we define the first an

acteristic polynomials of the corrector formula (2.1) by

k “k
x k-f  x x  k-f
) @ == a L, d@= b,
£=0 £=0
* . . ) .
e aO = —1. Furthermore, it will be assumed that yn+l 1s obt

linear multistep method with characteristic polynomials p (g
&(gz) where 50 = -1 andgO = 0. The orders of accuracy of the
ula {p,0} and the corrector formula {p*,g*} are denot
P” , respectively. The order of the resulting predictor-cor

od (2.2) is denoted by p.




'he method (2.2) contains a number of well-known integration formulas
:cial cases. In order to characterize these cases it is convenient

:roduce the mxm triangular matrices
M= (UJK)s M = (ajf—), Ja’e =1,2,...,m.

;e that the predictor {§, 5} and the generating method (2.1) are

and let

‘he scheme (2.5) reduces to a predictor-corrector {PC) method in.
*
)®E mode. The iteration polynomials are given by’Pj(z) = (bOZ)J

.1 j. As a second example, let

0 ... 0
M = . . ,P_’[= .
. . b
0 ... 0 O 0
LR Mo o

-he scheme (2.5)becomestheP(ECftlLEmmthod of Stetter [11] with the
:ion polynomials %(z)=(b;zg, j=0,1,...,m—1 and %Jz)==2?=IUj(sz)j_1.
ar, for semi-discrete parabolic equations this scheme is internal-
stable unless m is restricted to small values. Such a

iction of m will limit the stability boundary and therefore we study
1ative predictor—corrector schemes of the type (2.2) with limited

je requirements whatever the value of m is. Firstly however, the
error and the absolute stability of the general scheme (2.2) will

1sidered,
iE LOCAL ERROR

juppose that until £, the integration process has been exact, i.e.
y(ti), i<n (localizing assumption [7]), Furthermore, let

ine the iteration error

I

j n+1 ne




1 the local error is given bij

) Yoep V(L) = [n - y(tn+1)] e,

nt n+1

: 18 the sum of the local error of the linear k-step method (2.1)
the final iteration error. From the theory of linear multistep
10ds (see e.g. [7]) we may derive estimates for the local error

y (t ) .  Here, we consider the iteration error

n+l
JREM 3.1 Let f(t,y) be differentiable with respect to y then

€. = Pj(Z)E0 + 0(128+v) as T > 0,

]

e

z =1 g%-(tn+1,n), s 2V + min{p*,g} g
F. Substitution of yr(liz = n + e; into (2.2) and using (2.3)
ds
m v -
) %37 KZ] Cuspepoy * 7 Hyp (e omrep D=E(E,, M)
m
- v of ) 2
= /@ZI {[uj/e + Uj'eT "é‘}? (tn+1,n)]€£_l+T O(" E/e—]" )}
T - v - 2
= Z {[ujﬂ + quZ]Ez_l + T quO(l|s£_1" )1,
£=1
us assume that "ejﬂ = O(TS) as T > 0 for j = 0,1,...,m and
e
2s+v
+) €. = P.(2)e, + c.T
J J( )% J ’

‘e Pj is the polynomial defined by (2.4). The representation (3.4)
the iteration error is correct if the Cj satisfy the relation
ystitute (3.4) into (3.3))

m

¢ = £§1 {[ujz + ujZZ]CK—] +0()} as T+ 0




with CO==0- For finite J the

(3.4") . =P,
€; PJ(Z)z—:0 + 0(t
By observing that

o ___ 0 _

E0 = Yn+l n Yn+1 y(

we deduce from (3.4') that all

~ * .
Thus s = v + min{p,p } which ¢

From this theorem the fol

COROLLARY 3.1 The local error

. *  ~
where s = v + min{p ,p} 0O
We now state the main res

THEOREM 3.2 Let the Zteration
r at z= 0. Then the method

P = min{p*,ﬁ+vr,2

PROOF., From the definition of
7 = O(Tv) as T »>
Hence,

Pm(Z) = O(Tvr) as

11 be bounded as T > O

as T >0, jJ =1.

Pyt ) - n= 0P V4t

~ *
+
e at least of 0(t? VP

the theorem. 0

corollary is immediate.

)in (2.2) is given by

)

n+l

i(Z)](n-Y(t

2s+V

(0)

n+1l

ooy (e 1)) + 0t )

n+l

f this section.

omial P (z) has a zero of

has the order

atrix Z it follows that

;s T>0.

plicity




re r is the multiplicity of the zero z=0 of Pm(z). Using

>llary 3.1, we obtain for v + O

(m)

VI+p+V 2s+V
T P + T )
n+1

*
Vo Y ) =Y Ty )= 0P ™ +

n+l n+1

n this expression the theorem is immediate [J

It should be remarked that in the case of the conventional predi

cector methods where uj£=() and ﬁjﬂ. = b; the iteration error sat
sl,rvllej_lll . where L 1is a Lipschitz constant f
sequently e = O(Tvm“eo Iy = 0(PHVvmy so that we obt

familiar result p = min{p*,§+vm}.
The polynomial Pj(z) will be called of order » if z=0 is a zer
ziplicity r.

STABILITY

The characteristic equation

Applying the method (2.2) to the stability test equation

V

1) 45 _ sy, scc¢
Vv
dt

>btain the relations

Gy _ ¥ - @-1) .
) = =
2) A EZI [“jﬂ + quZJyn+] + Aj Zn, ] lye..,m,
e we have written z = 1°8. Let us write
() _ 0) _
3) EAVELE FICO) AR RO

is straightforwardly verified that (4.3) satisfies (4.2) if the

:tion Qj(z) is defined by




. . . 3 . * *
;sing Zn in terms of the characteristic polynomials p and 0 we

> at the formula

' y

Yo = P @y - o (1 - brz ~(¢f B)=a0" (£))E Ty

n+1 n+1?

E denotes the shift operator defined by Yo+1 = EVp- Finally, we

1e fact that the predictor formula for yégz is of the linear

step form, that is when applied to (4.1)

(0) _ ry _ ~ ek L=k
Yoe] = L1 o (E)E ]yn+l + 2z0(E)E Yoe1
we put 50 = -1. From (4.3'), (4.4) and (4.5) the following theorem

v immediate.

IM 4.1 The characteristic equation of the generalized predictor-

*tor method is given by
*
(l—boz)Pm(z)

———fgzzjji*—— g (c)-z5(z)] O

* *

o (g) - zo (¢) =
[f we substitute for Pm(z) the polynomial corresponding to the
ational predictor-corrector method in P(EC)HIE mode defined by

and M = b*I , that is we set Pm(z) = (b;z)m, then

0
tain the familiar characteristic equation [7, p.97]
. . (1-bg2) (by2)™"
p (2) - zo (¢) = - [6 (z)-2z5(z) 1.
(bOz) -1

well-known that the stability intervals for predictor-corrector

ds are rather modest. For instance, a frequently cited predictor-

ctor method for first order equations is the fourth order PECE method

ane and Klopfenstein [2] which has the relatively large interval of

lity (-2.48,0). However, in many applications this interval is still

eptably small.

In this section we will show that a suitable choice of the polynomial
extends the stability interval considerably. Here, we will call

eneralized predictor-corrector method stable in a point z if (4.6)

or that point z its roots on the unit disk.




set of all points z for which the method is stable will be called
stability region; the set of points of the stability region on the

1 axis form the stability interval and the length of the largest
erval [-B,0] within the stability interval is called the stability
ndary B. The method is called zero-stable if for z=0 .the

ation (4.6) has its roots on the unit disk those on the unit circle

ng simple roots. FRurthermore, by writing

8) z' = P_(2)

by considering z*¥ as an independent variable we may define in the
*

7 (z,z ) -plane a region where the generalized predictor-corrector

hod is stable. Since this region plays a central rdle in the

sequent analysis we give a formal definition.

INITION 4.1 The region in the(z,z*) -plane where all roots of the
ation

(]-b*z)z*

*
z -1

6") 0 (z) - 2o (¥) = [5(z) - 25(z)]

. on the unit disk will be called the staiility domain D [

Note that the points in D on the 2z -axis form the stability
:erval of the corrector formula {p*,O*}- Finally, we define the
bility constant ¢ = B/m2 and the effective stability boundary
£ = [B v /m, where m denotes the number of right—hand
le evaluations per step.

The stability domain 0 can be determined by applying the Routh-
witz criterion (see e.g. [7, p. 82]) which is more easy applicable
using a computer. A particularly straight forward derivation of D
1 be obtained in the case where §(z) =0, i.e. when extrapolation-

sdictors are used (see appendix A).

Presenting D in the form

=D, (z) < 2 < D, (2),




) and DZ(Z) are functions completely determined by 550
onclude that the method with iteration polynomial Pm(Z)

lity interval [-B,0] if

- Dl(z) < Pm(z) < DZ(Z) for - B <z < 0.

xample of a stability domain is given in figure 4.1.
next subsection polynomials P (z) are constructed of

large degree m which "remain" fairly long in the stability

In this construction we will replace condition (4.7) by

d D2 denote the minimal values of Dl(z) and D2(z) in the
-B,01. It should be remarked, however, that in the case
gree polynomials Pm(z) (say m = 2 or m=3), the value of
d by using (4.7') instead of (4.7) is rather pessimistic,
small m that part of D which is close to the origin is
nt and it is just in this part where the simplification
rather rough approximation to (4.7). Thus, unnecessarily
ates for B are obtained when using (4.7') for small m
4.1).
other hand, optimal stability intervals defined by (4.7)
hat the corresponding integration method is rather sensitive

ry noise', that is the method rapidly looses stability if

with imaginary parts occur in the spectrum of 3f/3y.

Figure 4.1 Stability domain D
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Construction of polynomialst(z) for arbitrary m

We will construct polynomials Pm(z) satisfying (4.7') with the
nal possible value for B . For large m these polynomials

yximate the optimal polynomials satisfying (4.7 ). We consider the
of zero- and first-order iteration polynomials of which the first
- polynomials have slightly larger stability intervals. We did not
red in constructing second order polynomials generating larger
-vals of stability than those generated by the first order ones;
ver, only for D]=O closed expressions can be derived (see appendi:
It will be assumed thatD, and D, are non-negative.

1 2

| Zero—-order polynomials

It is well known that those polynomials Pm(z) which alternatingly
les the lines z*=--Dl and z*=‘D2 in the (z,z*) -plane are optimal
1e sense that B 1is as large as possible (see figure 4.2). The
10mial Pm(z) is said to satisfy the equal ripple property [4].

tder the

/\v/\vA "

Figure 4.2 Optimal zero- order polynomial Pm(z)

ted Chebyshev polynomial

1
Pm(z) =3 [D2 =D, + (D2+D1)Tm(1+

2z

?;)]

2+D]--D2

D1+D2

2 I

b

1 -
B = ” [TE ( )_l]
0




TU(X)= cos(p arccosx) if |x| < 1 and TU(X) = cosh(yu arccoshx)

- 1. Evidently, this polynomial satisfies the equal ripple

‘ty with respect to -D; and D, , and is such that Pm(l/bg) =1
juired by (2.5).

[t is of interest to derive the magnitude of B for m > «.

che expansion

Tu(x) =1 - %—uz[arccossz + O(u4) as u >0, [x] <1
TU(X) =1+ %—uz[ﬂn(x+Vx2—1)]2 + 0(u4) as u >0, x> 1

cive that

as m > ®,

) B =

bml (1 + 0(1/m%))
b 4,
‘/1+D1 - /1-—D2

2
‘ —
/1+D1 + V1 DZH
.o 2 .
lhus, the stability boundary B shows anO(m~) behaviour and the

constant is just the stability constant.

First order polynomials

The optimal polynomials are of the form

1 wotl
| Pm(z) =5 [D2 - D] + (D2+D1)Tm(w0 +-E——z)],
. (DJ_DZ) . w0+1 .  (2+D —D2> . -1
Yo T “1'%DeD,° * 1.D.+D ol
— 1 72 b — 1 72
m 0 m

*
easily verified that Pm(0)==0,Pm(1/bO)= 1 and that the equal ripp

rty is satisfied. From (4.11) it follows that

hmZ (1 + 0(1/m2))

) B = as m > <,

v1+D, + V1-D, 72 D.-D,q2
* 1 2 1 72
bo{{ﬁnl l] + [arccos 5—15—] }
V1+D] - VI-D2

1 72
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.3 Second order polynomials

If D, =0 the optimal polynomials are of the form (see appendix B)
_1 m . l+cost/m
Pm(z) =5 DZ{J + Tm(cos - + —=8 z)],
13) T
1 + cos—
Sy PR R i
O[ 1%, cosEl

m
is easily verified that Pm(O) = P;(O) =0, Pm(l/b;)= 1 and that the
al ripple property is satisfied. From (4.13) it follows that

4m® (1 + 0(1/m2))

14) B = as m > o,

2 2—D2+2V1—D2 2
b [n? + (n —2 2
0 D2
We observe that for m= 2 (4.13) yields the conventional PECE method.

[MPLEMENTATIONAL DETAILS

In this section the computational scheme is defined based on a
lictor {p,d} a corrector {p*,6ﬁ-and the first order iteration
ynomial Pm(z) defined in (4.11). The scheme is organized in such a

that an arbitrary number of stages are allowed (in order to increase
effective stability boundary) without increasing the storage
uirements and without the danger of internal instabilities.

Our starting point is the assumption that the stability domain
ined by the predictor-corrector pair (see definition 4.1) contains

set of points

1) {(z,z*)| = D3 <z<0, - D] <z < Dz},

re D,,D, are positive and D, 1is sufficiently large (to be specified

1°72 3
ow). For an example where this assumption is not satisfied see section




Jonstruction of the scheme

lonsider the iteration polynomials

_ =1 - L
PO(z) =1, Pj(z) 1 dj

>

w. +1 w.+1
[Tj (WO+—— - Tj (w0+——-é— z)], ]
Bbo

vy and B are defined as in (4.11) and dm = 2/(D]+D2). These
omials satisfy condition (2.5) for all j. Furthermore, Pm(z) is .
ical to the first order polynomial (4.11).

The iteration polynomials (5.2) satisfy the recurrence relation

w0+l %
P (z) =1, P .(z) =1 - (1-b.z),
0 ‘ d gb* 0
1770
w0+l w0+1 ]
dej (Z) = {[dj —ZWOdj_l + dj_2 -2 — Tj_.l (WO + —'—*)J
Bb Rb
0 0
wat+1 w.+1
0 0
+ 2 —7§—{Tj_l(w0 +-——;—) - dj—l]z}
Bbo

+

B

The matrices M and M have the structure

) M = , M=
w.+1 d. d w )

TS [ AP R SO fnb NP S Mt B kPR
11 4gpt 41 0 d. d b d ’
170 J J o

d. d.
- j-1 _ j-2 .
uJJ 2WO d. ’ uj,j—l a3z 3
j j
- Vo4l - 2W0+](e 4. .3 2w0+1 dj—l ] )
1 EE il d.p j-1 172 M55 B dj’J—’
wat1 watl
0 0
A, = , A, = 2 6. ., i =2,
4B 3 g g 37

1,

W0+]
2 —_— . . - d. . ] =
fr v O efa_p @ -4 p 0, = 2.
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* .
e ej = Tj(wo+(wo+])/8b0),dO = 0 and dl""’dm are still free

meters. A plausible choiee for these parameters is such that the

z) have a first order zero at z=0, i.e. (use 5.2))

w.+1
ib) d; = Tj(wo +—) - Tj(wo).
Bb
0
1 y(J) has the order (by virtue of theorem 3.2)
. . * o~
3) p = min{p ,p+v}.

aver, for large values of B we obtain rather small values for the

*

st few dj(djz(w0+1)j2/sb for B>>1) and consequently relatively large

-values because ej—dj

no

1 (note that all other parameters remain of

sarate size). Because problems possessing a large Lipschitz constant

uire relatively small values for the coefficients ﬁ'ﬂ 1f we want to

egrate with large integration steps, we introduce an index m and
(5. f > and set d,=4d for j§ < . The index m_. 1is

¥y use (5.4b) for jzmg ‘ . i g j my 0

sen in such a way that d_ £1, i.e.

m

0
. w0+] 2 w0+1 <m0>2 o

dm * mO = * —m_ I ’
0 Bbo c bO
that P
b*
c
4e) m. = m 0P .
0 w0+1

s choice implies that y.. > ﬁ,] giving the most recent derivative
1] ]

luation the larger weight in the successive iteration steps.

Internal stability for large m

stability condition for the scheme generated by (5.4) is given by

v B

6) TS SGEY)

re S(3f/dy) denotes the spectral radius of the Jacobian matrix 3f/dy,

. where we have assumed thatD3 > B.




condition is not sufficient for a stable behaviour if many stages
itegration step are used, i.e. if m is large. For a detailed

ssion of the phenomenon of internal instability we refer te [ 6]
instabilities can be suppressed if we require that the homogeneous
of (5.3) is a stable recursion. If d-_]/dj and dj—Z/dj are

J
ant this is achieved by requiring that the roots of the characteristic

ion
w,+1 d. d
- j-1 -2 _
E 2{“0* B Z] &t "0
J J

ithin or on the unit circle, those on the unit circle being simple
, for all z 1in the spectrum of Tva/ay- We find

2d -d. <d <d., - B <z <0,

easily verified that this condition is always satisfied if j < mys

is if d. = d and if (5.6) holds. For j >m, the coefficients d.
J m, 0 J

y increase with j sothat d._ /dj and dj—Z/dj are also slowly

j-1
ing. For instance, if B 1is large we have <¥ ngZ/BbS so that

d. 2 d. . 2

-1 ~ (3-1 -2 ~ -2 .

T =<Jj>’31.=<3j>’32m0+2'
J J

these quantities are "almost™ constant as m large we may expect that

ensures also stability if j 2 + 2, Evidently, this condition is

Mo
fied for j = m0+-2.

XTRAPOLATION-BACKWARD-DIFFERENTIATION METHODS

In this section we apply the results obtained in preceding sections

e special case where the predictor formula is defined by extrapolation
he corrector formula by backward differentiation. The considerations
onfined to first order differential equations (v=1). The resulting

ds will be denoted by EP-BD methods. Notice that for these methods
(EC)mE and the P(EC)m mode are identical.

The characteristic polynomials are defined by

~ D+1 k-p-1 ~ ~
5 () = (=P, P78 < k-1; F(2) = 0;
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((3c%-4z+1)/3 | 2c2/3

(ig3-18c249c-2) /11 6c3/11
(6.2) 6(2) = { (25¢%-4827+36c7-162+3) /25 s 3'(e) ={ 125%/25.

(1372°-3002%+30023-20022+750-12) /137 60z°/137

4—4002;3+2252;2—721:+10)/147 60C6/147

(147283602 +450¢

The order of accuracy of these predictor and corrector formulas are
~ *
respectively p and p .
The stability domain D of these predictor-corrector pairs contain

the set (5.1) with D3=(» and (DI’DZ) listed in table 6.1,

Table 6.1 G%,Dz)—values of EP-BD methods

p P =p-2 ?=p-1 P=p
2 (1,1) (1/3,1) (1/7, ¥
3 (1/3,1) (177,49 (1/15, 1/5)
4 (1/7,.4951) (1/15,.1999) (1/31, 2/(13+57Y°5))
5 (1/15,.1704) (1/31,.0751) (1/63, 1/28)
.6 (1/31,.0289) (1/63,.0147) (1/127,.01128)

6.1 . EP-BD methods with only a few stages

We start our discussion with the four-step, fourth order BD formula
and the EP formulas of orders 5 =0, 1, 2, 3. By virtue of theorem 3.2
these predictor-corrector methods are at least of order

(6.3) p = min{4,p+r,2p+2},

where r is the multiplicity of the zero atz=0 of Pmﬂz). In the special case

of conventional PC methods we have of coarse
(6.4) p = min{4,p+m}.

Let us first consider the conventional predictor-corrector method

generated by
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m
(6.5) P (2) = (% z> )

*
[t is easily verified that2==géz)remains within the area (4.7') if

25 1/

m
7 D4 for m odd

25 1/

m
TE-DZ for m even

In table 6.2 the stability boundaries Beff are listed for a few values of

mn resulting in p = 4.

Table 6.2 Effective stability boundaries for (6.5)

§=0 ®-1 B-=1 B-2 B-3  B5-3
m = 3 1
= 4 4 4 4 4
Beff .52 .48 .52 .73 14 47

Next we chooseﬁn(z) optimal with respect to (4.7'). Consider the
case m = 2 and p = 3, and require thatI&(z) behaves as indicated in

figure 6.1. An elementary calculation yields

\Z
=1 * * _ 12 1
(6.6) P2(z) = §-b02(2+3boz), by = 5%

-D, (2)

Figure 6.1 Optimal polynomials of first order
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the stability boundary B = 1/b’5: 2.08. According to theorem 3.2 this
»d is of fourth order. Comparison of this optimized method with the

:" method listed in table 6.2 (i.e. P = 2, m = 2), we conclude that
lready gained a factor 1.4 in the effective stability boundary. In

ce 6.2 the stability region is given in the complex z -plane (only

of the stability regions are given as the regions are symmetric

: the real axis). Notice that this region extends rather far into
imaginary direction. This is due to the fact that D, = 1/15 is much

ler that the D](z)-value at the point where]b(z) touches the line

-Dl = -1/15 (see figure 6.2).

Similarly, we obtain for m = P = 3 and for P3(z) behaving as in

re 6.1 the stability boundary R= 5.7 which is effectively a factor
larger than the maximal effective boundary of the conventional methods
ad in table 6.2. In figure 6.3 the stability region is shown. The
>wing of this region occurs when]%(z) touches the line z* = D2 = 1/15.
We again consider the fourth order EP-BD methods with k = 4, p = 3

n = 2 and 3. But now the polyni?ialsgn(z)are*chosen in such a way that
approach the boundary curves‘z==D2(z) and z==fD1(z) rather close but neve
close that the characteristic roots (cf. (4.6)) become larger in

lus than .975 in the interval -B(m) < z < 0. The resulting regions are

n in the figures 6.2 and 6.3 (dotted lines). The

8 Im z
- 1.0
R
T 0.5
: ; » Re z
-4 -3 -2 -1
Figure 6.2 ——m EP - BD method (p*= 4,p=3,m=2)

——————— EP - BD* method (p*'_' 4,3=3,m=2)
—e.—s—.—+ Crane-Klopfenstein method (PECE mode)




Figure 6.3 ———— EP-BD method (p*=4, P=3, m=3)
am——-- EP-BD  method (p*=4, P=3, m=3)
mprovement of the real stability interval of these "optimal" EP-BD methods
.indicated by EP—BD*) is considerable whereas the extension of the stability

‘egion into the complex plane is still substantial.

1.2 Comparison with conventional PECE methods

Along the lines as indicated in the preceding subsection we can construct
.P-BD and EP—BD* methods of orders p =5 and p = 6. In this subsection we
ompare the real stability boundaries B and Beff ~ B/m of various
yredictor—-corrector methods. In table 6.3 values are listed for the PECE

wde of a few Adams-Bashforth-Moulton (ABM) methods,

Table 6.3 Stability boundaries for various predictor-corrector methods

ABM CK KAM EP-BD (m = 2) EP-BD (m = 3)
yrder
B PBegs B Begs B Begr B Begr Dy B Begr Dy
+ 1.3 .65 2.48 1.24 1.8 .9 3.88 1.94 .24 8.90 2.97 .23
; 1.0 .5 1.4 .7 3.15 1.57 .17 7.28 2.42 .16
: 7 .35 1.0 .5 2.58 1.26 .13  6.03 2.01 .12

‘he Crane-Klopfenstein (CK) method, the Krogh-Adams-Moulton (KAM) methods

ind the two—and three-stage EP—BD* methods. In the conventional

yredictor—-corrector methods the predictor and corrector are of the same order.
In order to illustrate the enlarged stability intervals we have

.ntegrated the nonlinear problem
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=.’—’y4/3 + 3219 +%t5/3, 0<tz<10

5l

initial conditiony(0)=0. The required starting values were taken from
8/9

xact solutiony(t)=t . For the implementation of the EP-BD* methods

fer to the approach in section 5. In table 6.4 we have listed

Table 6.4 Numerical results obtained by various predictor—corrector methods

0 T i ]

! 1 i t
ABM : CK ! KAM | EP-BD" (m = 2)! EP-BD*(m = 3)

| | : |

| | [ |
e T O T L e ] I T gy ppy |
T2 T T vz "T Ty T2 TR " ) T2 Ta s 2 "4 "8

T ™ T

; : : :

| | |
* 4.2 7.2 0 % 4.3 7.2 0 % 0.8 7.0 ! 1.7 4.3 5.2 11.43.4 4.2 5.3
* % 8.9 | | % % 8.2 1 1.5 6.1 7.1 ! x 4.55.87.1

| i

x % 7.1 %% 7.3 1 0.4 7.9 8.7 | % 4.37.38.7

: 5 i ]

umber of correct digits defined by
10
sd = - "log €, € = absolute error

ned in the endpoint t = 10.

EP-BD methods with many stages

Consider the EP-BD-method with the zero-order iteration polynomial

. in (4.8). In particular we consider the methods of order p = 4,5

'« In table 6.5 the stability constants ch determined by (4.10) are

d for a few values of m*where we identified D] and D2 with the values
ble 6.1 and where p = p = p. This table shows the rapid convergence of

the asymptotic value. We compare




Table 6.5 Stability constants for EP-BD methods of order p = 4, 5, 6

P m = 1 m= 2 m=3 m=4 m=5 m-> o
4 26 52 .60 63 64 .67
5 .12 .33 .40 b .45 .48
6 .047 .19 .26 .29 .31 .34

these values with the one-step stabilized Runge-Kutta methods of order 4.
lerived in [9, 4]. Here it was found thath:(lZQ for m = 5 and ¢, = 0.34
as m > «. Thus, apart from a faster convergence the present methods also
possess substantially larger stability constants.

In a similar way we obtain for EP-BD methods with the fZrst order

iteration polynomial (4.11) the stability constants listed in table 6.6.

Table 6.6 Stability constants for EP-BD methods of order

p =p'=p+1=24,5,6
P m=1 m= 2 m= 3 m=4 m=5 m-> o
4 .139 .52 .63 .67 .69 .73
.074 .34 44 .48 .50 .54
6 .039 .21 .29 .32 .34 .37

These values are slightly larger than those obtained by zero-order iteration
polynomials. We remark that for p = 4 and m = 2 the iteration polynomial is

identical to (6.6).

6.4 Application to parabolic initial-boundary value problems

Consider the EP-BD method with first order iteration polynomial (4.11)

and implemented as described in section 5.1.
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EP-BD scheme was applied to the semi-discretized version of the para-

> initial-boundary value problem [6]

X, +xX
dou_ 1 72 3 1
'St 2wy M) Hg(x Hxy)cost -

2
3(xl+x2)

4(2m+t)

sin3t, 0<t<T= 20m

Dirichlet-boundary conditions along the square 0 < X Xy < 1. The

tal and boundary values were taken from the exact solution
) u(t,x,,x,) = i(x +x,)sin t.
O A 271 72

1e semi—-discretization we used the conventional five-point molecule
uniform grid with smesh spacing h = 1/20.
The number of stages m in the various EP-BD methods was determined

1e stability condition (5.6), i.e.

. 2
_ ~ 1S (3£f/3y) _ 24 max sin' t
) me= L & S(f/3y) = 1.1=5. telt_,t +1] \2n¥e )°

h

e

N

> the factor 1.1 inS(3f/3y) is added to get a safe upperbound.

starting values yo,...,yk_]weretaken from the exact solution (6.9).

For a number of integration steps we defined the accuracy obtained

1e endpoint T= 20m by means of the number of correct significantdigits
1ed by (6.7). Furthermore, we defined the computational effort by

ting the total number of right-hand side evaluations needed in the
gration process including the function evaluations required if the

ting values were to be computed from points <0 instead of taking them
n=T/1
n=1

J), N can be expressed in terms of p and T, and assuming that

the exact solution. This number is given by N = I m . Using
)(Tp) as T > 0, we can express N in terms of p and € or sd,

ind that N and sd are related by the equation

1) log N = A(p) + %%-as T>0

> A(p) is a constant only depending on the order p of the method.
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Jur numerical experiments show that this asymptotic relation is quite good
satisfied for rather large integration steps (see appendix D). The
constants a(p) and the maximal stable integration steps Toax for problem

(5.8) are

p =2 p=3 p=4 p=>5 p==6
A(p) 2.72 2.86 2.89 2.99 3.04
T 2 m/30 2 /20 2 m/10 2 /10 2 m/10

max

In figure 6.1 the behaviour of log N as a function of p is illustrated for

various values of sd. This figure clearly shows that the higher order

nethods
A l |
Log N | [
I
g:z 1 lsd=5
:sd=4
3-3 T Sd=3
3.2 ¢ 1 sd=2
3.1 1 —//Sd=]
I

N_——-—.—-_—_
w 4
~
O, I
o 4

are the more efficient ones even in the range of low accuracies. The optimal
order is clearly the order p for which log N is minimal. In this connection
we remark that a lower bound for the optimal order p can be derived which
is determined by (see appendix C) ‘

(6.12) pc' = cpﬂn T,

1
P
where cé denotes the derivative of cP with respect to p and where it is
assumed that the order constant in the relation E=O(Tp) is decreasing if p
increases. From this relation it can be derived that the optimal order is
larger than 3 as soon as T < 0,4 (see appendix C).

Finally, we compare the results reported above with those obtained
if the ADI method of Peaceman-Rachford [8] is applied. From these results

it follows that N and sd satisfy the relation (see appendix D)




) log N = B(i) + 1

5 sd,

i denotes the number of Newton iterations used for solving
cit relation in the algorithm. The constants B(i) and maxima

e integration step are given by

1=1 i=2
B(i) 1.99 1,67
Toax 27/80 27/80
(6.,11) and (6.13) it follows that the generalized predictor- tor

ds are cheaper than the ADI method in the accuracy range

) sd > ;?3 [A(p)-B(i)].
nstance, the 4-th order method is cheaper than the ADI metho g

ewton interations if more than 3.25 correct digits are requi
METHOD FOR SECOND ORDER EQUATIONS

We conclude this paper with the derivation of a generalized tor—
ctor method for second order ODEs (v=2). We will use the ex ation

ctor and the Stormer—-Cowell corrector with k = 2, i.e.

3() = (-1)%; F(@) =0

*x 2 *
boc + (l-2b0); + b

*

0

0¥ () = (-1?; o* (@)

have the respective orders p = 0 and p*z 2 (ift% = ﬁf then

es the fourth-order Numerov corrector).

The stability domain D of this predictor-corrector pair is by
(4bg=1)z=4

Dl(z) = — D2(z) =1,

we have D, = 4b*—1, D2= 1 and D3==M.




Using the first order iteration polynomial (4.11) we obtain a second

der method with the stability boundary B given in (4.11), For m large

> have
2
B = - 4m < 5 bg > %—.
7.3) N [ 2b0—1
bO arccos " ]
) . Zbg . * 2

1e stability boundary increases w1thbO but is bounded above by 4 m .
1 view of (3.5) we require, however, |P (z)| , i.e. D, <1 which

1
ields a stability boundary bounded bij 32 m /ﬂz.

*
0= 1/12.

sing the second order iteration polynomial (4.13) we obtain a fourth order

Finally, consider the Numerov corrector which arises for b

athod. Since now D, <0, it is no use to employ large values of m. For m = 2
> find back the conventlonal P(EC) E method based on (7.1) and (7.2) the

tability boundary of which equals 12, For m = 3 the stability boundary

3 determined by the equation

*
7.4) - ffEQ:jzf:ﬁ ][]+T (= ) b* = 1/12
: Z 3 2 28 0 ’

r1ere B is defined in (4.13). Note that here for m odd B 1is nmot the stabilit
>undary of the method because'D]<0 (see figure 7.1). Solving equation (7.4)
ields a stability boundary = 32.4,

In order to compare the efficiency of the methods with regard to stability
e compute the effective stability boundaries defined in section 4.1, Taking
nto account that the number of right-hand side evaluations per step
=m + 1 (here the P(EC)mE mode is different from the P(EC)mmode), we

rrive at the values listed in table 7.1.

Table 7.1 Effective stability boundaries

b9 r mP Beofs

1/2 1 m=1 2 m/32/ (m+ )7 = 1.8 m/ (m+1)
1/12 2 2 4 /12/3 T 1.15

1/12 2 3 4 V32,44 = 1.42

1/12 m m=22 4 <12/ (m+1) = 3.46/ (m+1)
1/12 m  m>® 4 v6/ (m+1) = 2,45/ (m+1)
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iark that in the three-stage extrapolation-Numerov method the

:ion polynomial Pé(z) takes advantage of the special form of the

ity domain 7D (see figure 7.1) resulting in a stability boundary
is more than 5 times as large as the stability boundary of the

)yV=corrector,

.

av]
(9]
~
N
~

T ——————
.

12

-DI(Z)

Y *
Figure 7.2 Extrapolation—- Numerov method with b0=12 , r=2, m=3.
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JIX A

In this appendix we derive explicit expressions

w

2 special case G(%) = 0. The derivation will be

cular application of the boundary locus method d

The boundary locus method

If 5(z) = 0 we can write (4.6') in the form

z*(l—bgz)

* ~ o~ * ~
zo () +zp{t) =p (T), 2= -~ ———.
-z

s substitute g = elw to obtain for z and Z the re

AEIORAE

A+ iB=o"("), c+ip=75E"Y), B+ iF

|p] <w. Let z=2Z(y) and %=7(Y) be the solution
ion (A2). Then the stability domain is bounded b

Z ()

= " , vl < m.
Z (9)+byz (9)-1

z =2@), 2" =
For those values of Yy for which
AD - CB = ED - CF = AF - EB =0
olution of (A.3) degenerates to a straight line

A @z +c@) T=EQ,

stability domain D associated with the charact

29

e boun urves
c equa 4.6%)
the 1 f a

ed in

elw)

bound cus
curves

by




*
here ¥ is a root of (A.4). In terms of z and z* we find the hyperbolas

* *
. * E@)-AW )z
A.3a'") z = * ” % *
-C(W )+E@ )-[A®W )‘bOC(w )1z
ii) All values of ¥ for which AD - CB #0 yield the regular solution
_ ED-CF
AD- CB
A.3b")
* AF-EB
z = .

(AF—EB)+b;(ED—CF)—(AD—CB)

et ¥ denote a solution of AD - CB = 0. Choose a'm # w*. Then it is of
nterest to knowhow the solution (A.3b') behaves as § - $. If E is also

zero of AF - EB then (z,2 ) » (+%,0) as ¥ + . If U is also a zero of
D - CF then (st*) > (2z,1) as U >V . Finally, if E is neither a zero
f AF - EB or ED - CF (which is the usual situation) then it is easily

hown that

A(D)

~— 2 <) as v~ b.
A<w>-b00(w>

A.3b") (z,z*) > (te,

* % ~
For given formulas {p ,0 }and {p,0}the regular curve (A.3b') is easily
etermined in the (z,z*)—plane. The determination of the hyperbolas (A.3a')
equires the solution of (A.4). Evidently, these three equations have the

ommon solution w*=0 and w* = m. Thus, we find

A.6) 2 = 0" 1)=0” (+1)z .

-a(i1)+p*(¢1)—[o*(¢1)—b35(i1)Jz

. . * . .
n most cases there will be no more solutions y . Since the functions
@) and Z(y) are even functions, our considerations will be restricted

o the interval 0 < ¢ < .

.2 EP - BD methods

Let the predictor formula be defined by the extrapolation formula (6.1)

nd let the corrector be of the backward differentiation type, i.e.
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* * k
o () =byc, V=1

*

A() = by cos ki, B(p) = b; sin ky

[R) 1P  cosl B+ a (@) + (k=p-1Dv]

]

c(¥)

D) = (RO IPT! sin[ B+D)a @)+ k-5-1)v]

we have written

) o = m+ arctan _siny R = vV2(1-cosy), 0 < ¢ < m.,

cosy-1’

eterminant AD-CB is given by

* P+l . o~
) AD-CB = b [R(¥)] sin[ (p+1) (e (¥)-¥) 1]
vanishes if

" R(Y) = 0 or a<w)—w+—~l;1§]—=o, jo=0,%1,...

ementary calculation yields that the roats of (A.10') are given by

) v = 2im; Vo= 2j g%T + (28+1)my 1,7, = £1,%2,... .

egular curve (A.3b') can now be computed by excluding ¥ from [0,7].

In order to compute the hyperbolas (A.3a') we have to solve (A.4). The
:ionsdfin the interval [0,r] are included in the set (A.11). Thus, by

:ituting $ into (A.4) it can be checked which one is a w* -solution.
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It can be verified that
*
(A.12) Yy = 0,m

are the only values in the set (A.11) which satisfy (A.4). We are now in
a position to compute the boundary curves of the stability domain D.

We conclude this appendix with the asymptotic behaviour of the
stability domain Das:z-> -, From (A.3a') and (A.3b') it follows that the

*
boundary functions z*='ﬂﬁ(2)and z = Dz(z) are of the form

(A.l3) z* =—é—(£)——-—as z > =,

~ * ~
A@)-brc@)

where E is given by those values in the set (A.11) for which (A.13) is closest

to zero. Substitution of (A.11) into (A.8) and (A.8) into (A.13) yields

(A.14) x 1 _ I ~_2j
2 = = o P (§:T4-2£+1)ﬂ,

1-(-1) 3[R 1P

aeld
NE]

1=(=1)3[2(1=cos) ]

where 0 < JZL-+ 22 + 1

=y < 1. Evidently, we may restrict £ to £=0 to obtai
(A.15) =15 2" = ‘ s = (B 5§ <0
° ] /5_‘_1, 2 = = °

—(=1)] Jm
1-(-1) [2cos5+1]

The two minimal asymptotic values we are looking for are listed in table A.l.

Table A.1 Asymptotic values for EP-BD methods

Z > = 5.:0 5:] 5:2 5:3 5:4 B:S 5:6
z" > 1 ] 1/2 1/5  2/(13+5/5) 1/28  .01595
z > -1 =1/3 -1/7 -1/15 -1/31 -1/63 -1/127

*
We observe that these values are independent of bo.




ndix we consider the construction of second order iter
s not possible to find optimal polynomials of second ¢
bTm(wO+wlz) unless Dl =0, Of course, we can
hen we restrict the stability domain considerably (cf
ntly we get unnecessarily small stability boundaries.
der a slightly more complicated family of iteration
ed by

l—bzz Tm(wo)-Tm(wdrwl(l-coz))

=1 = — — » M = 2
1 coZ Tm(wo) Tm(w0+w1)

! -
* [1+ W T (gt ) ] 1
0 Tm(wd)—Tm(wO+W1)

free parameters. It is easily verified that these pol
uble zero at z=90 and satisfy p (]/bS):],In the
. m
+ wl(lfcoz) < +1 the polynomials P_(2) assume

bounded by the functions

*
- +
1 boz Tm(wo)_l

Il
—

l-coz Tm(wo)-Tm(wO+w])

at cowl<<0. Then Pm(z) is bounded by Bi(z) if
. tw 1-w ~w

0 1 < z £ _—0—‘1— .

0”1 “o"1

uggests putting

+WO+W

—— >

e IW0+W1| <1, c0w1<<0, Wy 2 1
01

: B,(z) <Dy, - B =<z<0.




. * *
We now consider two cases bO/C021 and bO/COSI. In the first case,

mdition (B.3) is satisfied if (see figure B.1)

*
" ) 1-Tm(w0+wl) . L Tm(w0)+1 bO
Voba = - s =- = N
2 Tm(wo) Tm(w0+w1) 1 Tm(wo) Tm(WO+wl) <5
*
4z
1 ____________
Tm(wo)—'l
]_
Tm(wo) - Tm(wO+W1)
/!
Tm(wo)#l
Py e ———Y A S SR W .
T () =T (wgtw )
i
}
l |
*
1,/bo
T (w,)+1
Fn(*) - T e
m 0’ Tm o "1
f‘ _______________________________ - Tm(w0)+1
T (o) =T (g +wy)
Figure B.]1 The polynomial Pm(z) of the family (B.1)
id in the second ecase we find
T (w.)-1 b 1+T_ (W, +w,)
m WO) 0 m WO W]

3.4b) D, =1- a 2 . = 3 )
2 Tm(wo) Tm(w0+w1) 0 1 Tm(wo) Tm(W0+W1)
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The equation (B.4) cannot be solved explicitly unless ).

D]==0 we find the solution

3 2 20+1
vy = Tl(iz—— 1),W1 = cos(TT;) ~ Vs £ =0,%1,.

m
l+cos(2 +1ﬂ)
B = = c. = b.
*re 2 _ 20+l 12 S0 0
bO[Tl(DZ 1)-cos (— 'n)]
m
ently, one should choose £=0 in order to maximize B8 resulting
les for B are slightly smaller than those listed ir 2 4.5,
For D; >0 we solved (B.4) numerically for var ralues of

nd D, - These experiments show that for values of D, < stability
:rvals are obtained which are hardly larger than those :d by (B.5).

‘efore, we did not pursue the construction of second o1 teration

momials.




\PPENDIX C

In order to justify the use of higher order time integrators for
rarabolic equations we derive an equation for the optimal order of
iccuracy with respect to the minimization of the number of right-hand
side evaluations.

We assume that the integration interval [(Q,T], the spectral radius
» = S(Pf/0y), the stability constantcp and the desired global error e
wer the interval [0, T] are given. Furthermore, we assume that ¢ and

are related according to
. - )
C.1) € Clp,T)T",

there C(p,T) 1is a function determined by the numerical method and the
)roblem under consideration. This relation defines T.

We now try to choose p such that the total number of right-hand
side evaluations is minimized. This number is given by N = Tm/t, where
n is the number of stages per integration step. According to the
stability condition, m should be at least as large as ¢?§7E;.

xpressing T in term of C(p,T) and € we find
1

2 _ g 2 [cp,m7P

‘C.2) N .

el/p c

p
’his expression is minimized if P satisfies the equation sz/dp = 0, which
rields
1
. C'(p,T):
C.3 c! =c¢ [ﬂn 2 Py 2
) P T % et ee,n )

shere C; and C'(p,T) denote the derivatives with respect to p of the

‘unctions cp and C(p,T) . Using (C.1) this equation for the optimal order

:an be written as

4 1 L B _C_'(P,T)
‘c.3") pc cp{ﬂnT+ C@,T)}'
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Thus, the optimal combination of the order p and the integration

Tis determined by (C.3'). In practice, we usually do not know the

tion C(p,T). However, in general we have C'(p,T) < O so that
optimal order P satisfies the inequality
) Pcl <c.fn .

P p

this inequality lower bounds can be derived for the optimal order p
oon as the integration step T is determined. In the following example
s shown that, rather surprisingly, this lower bound is relatively high

for large integration steps.

ple C.1 Consider the EP-BD formulas with the first order iteration

nomial (4.11). The asymptotic stability constant Cp can be approximate

c, = 2.3~ 0.53p + 0.035p2, 2 < p < 6.

titution into (C.4) yields the values listed in table C.lI.

Table C.! Lower bounds for the optimal order

for various values of

= 0.568 0.392 0.259 0.180 0.176

v

N
w
B~
9]
()

e values indicate that it is advantageous to use higher order EP-BD
ods, even for rather large integration steps.

We recall that the values listed in table C.1 present lower bounds
if the error constant C(p,T) is decreasing with p . Otherwise,

values of table C.] should be considered as upper bounds




.PPENDIX D

In this appendix we briefly summarize the numerical results of the
,P-BD methods and the ADI method applied to problem (6.8)-(6.9). In table
).1 we list for the EP-BD methods the sd-values (cf. (6.7)) obtained,
‘he required number N of right-hand side evaluations, as well as the
‘unctions C(p,T) (cf.(C.1)) and A(p) (cf. (6.11)). In table D.2
‘esults are listed for the ADI method of Peaceman and Rachford (denoted by

'R(i), i being the number of Newton iterations)

Table D.1 Results of the EP-BD methods applied to problem (6.8)-(6.9)

) /27 N sd C(p,T)=10—Sd/Tp A(p)=logN -sd/2p
1/20 —o
1/30 1725 1.67 0.49 2.82
1/40 1971 2.23 0.24 2.74
1/60 2416 2.66 0.20 2.72
1/10 —o
1/20 1649 2.13 0.24 2.86
' 1/30 1969 2.60 0.27 2.86
1/40 2249 2.92 0.31 2.86
1/10 1472 1.52 0.19 2.98
1/20 1920 2.89 0.13 2.92
1/40 2612 4,19 0.11 2.89
1/10 1702 1.94 0.12 3.04
, 1/20 2220 3.37 0.14 3.01
1/40 3016 4.86 0.14 2.99
1/10 2043 2.13 0.12 3.13
, 1/20 2656 4,13 0.08 3.08

1/40 3587 6.21 0.04 3.04




lesults

/80
/80
/160

/160

ded tc

:he ADTI methc
sd )
2.42 94
3.67 70
3.03 90
4,28 66
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